
JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 10, No. 2, April-June 1996

Wideband Cor related-A: Method Applied to Absorbing
Emitting, and Scattering Media

Ovidiu Marin* and Richard O. Buckiust
University of Illinois at Urb ana-Champaign, Urbana, Illinois 61801

The correlated-^ distribution method for wideband* is developed and applied to participating media. The
wideband ^-distribution functions and the cumulative distribution functions provided by the Malkmus and the
Goody narrow-band models, using the Edwards wideband model for line intensity and pressure broadening
parameters, are compared. This work shows that the Malkmus and Goody models provide wideband absorp-
tivities that are within 12% over the entire range of governing parameters. Limiting and approximate forms
for the cumulative distribution function for the Malkmus formulation are presented. The correlated-^ method
is applied to problems involving absorbing, emitting, and scattering media, and the results using the gas models
are compared. The wideband absorption for emission values obtained for the participating medium are within
the same range of 12%. This work concludes that thermal transport applications can use the analytical forms
provided by the Malkmus model combined with the parameters developed by Edwards for the wideband model.
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Nomenclature
wideband absorption, cm '
numerical parameters in error
function approximation
pressure broadening parameter,i_ / j
line half-width, cm '
line spacing, cm '
absorption coefficient distribution
function or inverse transmission
function
cumulative distribution function
Hermite polynomial
general spectral function
Bessel function
intensity, W/(m2 sr)
scattering-band absorption intensity
absorption coefficient, m2/g
layer thickness, m
parameter in error function
approximation
ratio, sm.Jsm-m
scattering source term
line intensity divided by line spacing,
sld, m2/g
line intensity, cm '/(g/m2)
maximum line intensity, m2/g
minimum line intensity, m2/g
temperature, K
optical depth with respect to particle
characteristics, (ks + o-s)y
mass path length, g/m2

weight factor for Gaussian integration
variable
integrated band intensity,
cm V(g m 2)
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Subscripts
G
Goody
ij
Malkmus
max
min
nb
S
wb

Superscripts

numerical parameters in the
approximation of cumulative
distribution function
numerical parameters in the curve-
fitted expression of the cumulative
distribution function
parameters in the curve-fitted
expression of the cumulative
distribution function
parameter, kcil(ks + crs)
wave number interval, cm '
emissivity
directional emissivity
wideband absorption for emission
angle
nondimensional absorption
coefficient, k/smilx
cos 0
wave number, cm '
band center wave number, cm '
scattering coefficient, m2/g
the band center optical depth, Msm.lx
bandwidth parameter, cm '
particle scattering albedo,
asl(ks + o-s)

gas
Goody model
summation parameters
Malkmus model
maximum
minimum
narrow band
scattering component
wideband
wave number dependent

directional
wideband dependent
positive and negative direction

Introduction

T HE direct solution of the equation of transfer generally
requires detailed information regarding the spectral de-
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pendence of the absorption and scattering processes. With
this spectral information the integration of equation of trans-
fer over a wave number interval can be performed. Since the
absorption coefficient of real gases is highly variable within
the vibration-rotation bands, the quantification of radiative
transport phenomena becomes very difficult. Various levels
of approximation have been developed to quantify the gas
properties within certain frequency intervals. The main dif-
ference between these methods is the magnitude of the fre-
quency interval, varying from line-by-line methods to entire
wideband approaches.

The line-by-line method, although it is an exact approach,
requires a major computational effort, and this makes it un-
infeasible for most thermal transport applications. An alter-
nate solution for nongray gaseous absorption problems is pro-
vided by narrow-band models. The concept of a narrow-band
approach is to model the line strength variation over the wave
number range of the band. Elsasser1 provided a simple nar-
row-band model, which assumed all lines in a band are iden-
tical and equally distributed. Statistical models2 proved to
describe many gas bands more accurately. Plass2 compares
various models, extending the statistical model to include a
random superposition of Elsasser bands. Ben-Aryeh3 applied
the statistical model to the 4.3-^m CO2 band at high tem-
peratures, showing good agreement with experimental meas-
urements and theoretical predictions. The narrow-band models
used most extensively were developed by Goody4 and Malk-
mus.5 The basic difference between the two models consists
of the line intensity distribution function: Goody considered
an exponential decay of the line intensity, whereas Malkmus
used an exponential tailed s ' distribution. The latter model
accounts for more low intensity lines in the band, which is
more accurate for certain bands.

Goldman and Kyle6 compared the results given by narrow-
band models with line-by-line calculations for specific ozone
and water vapor bands. The results show good agreement for
the two methods, but not a very good agreement with the
measurements. This aspect might be attributed to the limi-
tations of the experimental facilities at that time, but the
results show the capabilities of band models to approximate
the actual phenomena. Hartmann et al.7 compare the results
provided by line-by-line calculations with the Malkmus model
applied to water vapor. The narrow-band parameters are gen-
erated from the line-by-line analysis. The results show that
the absorptivities calculated using band models are about 10%
greater than line-by-line calculations.

In addition to narrow-band models, wideband models have
been developed, which give representations of entire bands.
Edwards,8 Edwards and Menard,9 and Edwards and Bala-
krishnan10 assumed an exponential line distribution and a con-
stant pressure broadening parameter for the wideband. The
method prescribes values for wideband parameters for each
gas as well as the dependence of these parameters with tem-
perature and pressure. These band models substantially re-
duce the computational effort of solving gas problems and
combined gas-particle applications. Buckius" solved the ra-
diative heat transfer problem for a nongray gas in the presence
of scattering with the Edwards wideband model in the large
pressure limit. An alternative approach to this problem uses
the mean photon path length method,12 which is an average
length of photon travel within a scattering medium. The ap-
proach leads to significant computational savings and is most
useful in Monte Carlo simulations.

An alternative approach to band models is given by the
correlated-A: (referred to as c-k hereafter) method.13 l6 The
method replaces calculations on frequency domain with dis-
tribution functions for the absorption coefficient. The distribu-
tion function has been determined by various approaches.
Arking and Grossman17 present the absorption coefficient
distribution function for numerous line and band models. West
et al. l s describe different practical methods of mapping the

absorption coefficient given by line-by-line calculations into
a distribution function. Domoto19 applied the inverse Laplace
transform to narrow-band transmission functions to obtain
analytical expressions for the absorption coefficient distri-
bution function. Using line-by-line results and a numerical
inverse Laplace transform, Zhu20 calculated c-k coefficients
for random narrow-band models. Wang and Shi21 developed
a closed-form solution for the wideband distribution function
with the Edwards wideband model applied to the Malkmus
narrow-band model. Curve-fitting methods were used to cal-
culate the band parameters of certain bands. Using the wide-
band absorptivity relation developed by Morizumi,22 Lee et
al.23 developed a reordered distribution for the absorption
coefficient.

The primary goal of this work is to present an efficient
solution methodology using the c-k approach for wideband
analysis including scattering. The gas properties are modeled
using the Edwards wideband model applied to both the Malk-
mus and the Goody narrow-band models. A difficulty in the
use of the c-k approach is that the narrow-band distribution
function for the Goody model cannot be expressed in closed
form. This fact makes Gaussian quadrature integration nec-
essary. The work evaluates the differences encountered in the
calculation of gas and gas-particle radiative transfer properties
for the Malkmus and Goody models. Approximate, yet ac-
curate, expressions for the cumulative distribution function
are presented.

Correlated-Ar Method for Thermal
Radiation Calculations

Correlated-A: Distribution
The c-k method is based on the concept that in the solution

of the radiative heat transfer equation, for a small wave num-
ber interval, the radiative properties of a gas are not strongly
dependent on the location of the absorption coefficient within
the wave number range. The integration for a band is replaced
by an integration of the absorption coefficient distribution
function f(k). The equivalence of the formulations is ex-
pressed as

h ( k ) f ( k ) d k (1)

where f ( k ) is the distribution function of k. The distribution
function also satisfies the condition

f(k) dk = 1 (2)

Band Models
The distribution function concept has been applied to nar-

row-band models. For thermal radiation calculations, narrow-
band models that assume a random distribution of the lines
in the band have proven to be the most useful. The difference
between various random models consists of the line intensity
probability function. Malkmus5 assumed an exponential tailed
s l line intensity distribution and the corresponding distri-
bution function has been obtained in closed form by Dom-
oto.19 The distribution function of the absorption coefficient
is dependent upon s and B as

/„„<*, s,
The other commonly used narrow-band model, developed

by Goody,4 assumes an exponential probability function for
the line intensity distribution. So far, no closed form has been
found for Goody's random band model. Using the inversion
theorem of the Laplace transform applied to transmission,
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Domoto19 found an expression for the distribution function
in an integral form. In terms of the same dependence B and
5, the distribution function is expressed as

/-*(*•*• B> = I i ' '"

x(F^rexp
kB\

- — ) exp l -: (4)

Although many bands have been quantified by the Goody
model,8 Goldman and Kyle6 showed that the narrow-band
model developed by Malkmus gives more accurate results
than Goody's model for the 2.7-imm H2O band when compared
to line-by-line calculations.

Narrow-band models divide an entire rotation-vibration
band into subintervals. A coarser level of spectral detail is
described by wideband models, which assume a line intensity
distribution and a pressure broadening parameter dependence
over an entire band. Edwards8"10 assumes the line intensity
decays exponentially from v() as

s = smilx exp < -

for a symmetrical band and as

s = smax exp ] -

(5a)

(5b)

for bands where the band head is located at the upper or
lower limit of the frequency interval. This model also assumes
that the pressure broadening parameter is constant. The
expressions in Eqs. (5) give an s~l dependence for the prob-
ability function with the line intensity, which yields the wide-
band distribution function as

1
(6)

where R is the ratio of the maximum and minimum line in-
tensity in the band (smijsmin). From Eqs. (5), R can also be
expressed as R = exp(AjVo^), where AJMS the total wideband
frequency interval.

Wang and Shi21 developed the solution for the wideband
distribution function using the Edwards wideband model in
the Malkmus narrow-band model. This solution is

1 exp(£)
/„(/*) 2K

(7)

where fwh(i<)sm.AX represents the nondimensional wideband
distribution function in terms of the nondimensional absorp-
tion coefficient K = k/smax. As the minimum line intensity in
the band smin = sm.JR approaches zero, corresponding to

the limit R -» °o, the distribution function approaches a
delta function. For any finite R, the limit of/wh(/<) as K goes
to zero, is zero. If sm-m is considered rigorously equal to
zero, the distribution function becomes divergent in K. This
behavior requires a finite R for Eq. (7) to be integrable.
No similar closed-form expression has been presented for
Goody's model due to the specific form of the integrand.

Figure 1 presents the nondimensional wideband absorption
coefficient distribution function for both Malkmus and Goody
models. As a result of the exponential-tailed s ~ l line intensity
distribution function, the Malkmus model shown in Fig. 1
attributes a higher probability to small values of the absorp-
tion coefficient. Most curves in Fig. 1 use a value of /,,(/?) =
7. This value corresponds to a ratio R of approximately IO3,
which is considered sufficiently large to characterize entire
rotation-vibration bands.21 As R increases from /"(R) = 2
to //,(/?) = 7, the distribution function shifts to lower values
of the absorption coefficient and, in order to preserve Eq. (2)
to higher peak values, approaching the delta function as
R -» oo. From a physical perspective, this trend is justified by
the presence of more low-intensity lines in the band.

Several practical values for the nondimensional B have been
presented. For a constant R, the distribution function shifts
to smaller values of K as B decreases, increasing the propor-
tion of small absorption coefficients in the band. Since small
values for B provide less line overlap, there is a larger prob-
ability of small absorption coefficients. Large values of B,
which reflect an increase in line overlap, tend to limit the
nondimensional absorption coefficient in the range (IIR, 1).
Figure 1 indicates that the distribution function decreases more
rapidly in the vicinity of K = I for B = 10.

Cumulative Distribution Function
The distribution function is used to calculate the cumulative

distribution function for a wideband. In terms of the nondi-
mensional absorption coefficient, the cumulative distribution
function is expressed as

(8)

and it represents the probability of occurrence for absorption
coefficients smaller than K.

Figure 2 presents the cumulative distribution function for
the same cases as shown in Fig. 1, i.e., both the Malkmus
and the Goody models. The differences between the two models
are less distinctive than in Fig. 1 due to the additional inte-
gration. The same conclusions as for the distribution function
comparison can be drawn. The Malkmus model has a higher

io4

io3

102

1Q1

10°

io-3

Plain lines - Goody Model
Bold lines - Malkmus Model

10-6 ID'5 1C'4 10° io1

Fig. 1 Nondimensional distribution function using the Edwards
wideband model with the Malkmus and Goody narrow-band models.
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Table 1 Coefficients for the approximate cumulative distribution function in Eqs. (8c) and (8d)

0.001 < B
r < i.o
0 21.4970
1 50.4458
2 -251.2901
3 -235.7792
4 -408.5900
5 -1246.601
6 - 1588.236
7 -453.003
8 1072.466
9 1542.366

10 1042.760
11 431.5074
12 114.9025
13 19.3100
14 1.8714
15 0.0799

ft,-
1.0 < B
< 10.0

21.4971
51.3543

-231.489
-75.5429
235.105
147.789

-57.6032
-74.6732
-36.8321

3.2730
20.3839
16.5137
2.6544

-9.1333
-9.5420
7.0739

'Summation index in Eq. (8d).

IO2
 ; I I I | 1 —————————————————————————————

Plain ines
Bold lines

IO1 -

. | . . , , , ,
- Goody Model
Malkmus Model

ft,'

0.001 < 5
< 1.0

6.4698
17.2873

-68.7951
-31.7711

8.6279
-135.061
-263.4700
- 130.6570

112.603
204.604
141.561
57.2546
14.5626
2.3001
0.2066
0.0081

i — | — i — i — i — | — i — i — , —

j
mo ' B=LO ^li10 f ln(R)

10- > r

10-2 r

io-3 - j'
• r

io-4 r y

io-5 ' • • • • •
0

= 2

\^'~~~'~~'~
;---"'

-* + "** * r̂

^^ '* S

1.0 < B
< 10.0

6.4690
17.1955

-69.2781
-24.6342
66.3266
43.2328
-9.8098
-28.1759
-13.1577

6.1804
10.5758
1.7031

-6.5345
-3.1483
7.2498

-2.6841

"
-

-

^'^ ^^ B='°-°- 1

^^s^^
>X^x\ B=0.1

S ^ ln(R) = 7

0.2 0.4
g(K)

V^ ^ ln(R) =
*\

B=1.0
ln(R) = 7

0.6 0.8

7

-

-

.

ft,' ft./

0.001 < B 1.0 < B 0.001 < B 1.0 < B
< 1.0 < 10.0 < 1.0 < 10.0

19.9335 19.9336 -38.4266 -38.4270
29.7730 30.6215 -74.8679 -77.5492

-218.5872 -200.2152 459.4210 400.1211
-197.4510 -49.5566 593.8412 120.4535
-377.3204 215.8386 1506.9760 -429.8971
-1152.481 123.9433 3960.2590 -217.9946
-1450.363 -56.1749 4902.0502 62.8147
-400.7439 -70.4283 1615.2534 150.1507
983.7614 -27.3857 -3186.021 79.0881
1397.8735 4.9631 -5103.171 -19.8813
938.5763 5.8304 -3775.539 -54.8543
386.2000 12.5505 -1713.144 -21.9417
102.3168 2.9703 -501.3863 21.5502
17.1142 -6.2202 -92.6983 19.8170
1.6513 -7.98757 -9.8785 -21.0811
0.0702 5.2355 -0.4632 5.8005

In the limit B — » 0, the analysis of Eq. (7) shows that
the term exp(B) — > 1 and, more importantly, the terms of
form VK and VK^ can be neglected in the error function
arguments. The justification for this approximation is that
the cumulative distribution function shifts towards lower
values of the absorption coefficient as B decreases. There-
fore, the function /wb(/<)smax will be dependent on the terms
erf(W#/K) and erf^VZ?//?*) only. The resulting expression
is then integrated when using the rational approximation for
erf(jt),24 erf(jc) = 1 - (a{t + a2t2 4- a3t*)e~x2, where t = 11
(1 + px) is an expression that is valid for the entire domain
0 < x < oo, with a, = 0.3480242, a2 = -0.0958798, a3 =
0.7478556, and p = 0.47047, the maximum error is less than
0.000025. With these assumptions, the expression for the cu-
mulative distribution function becomes

, , 2 f 1 [ 1 r2 ]
/ (R} 1 2 ^ ^ "*" a'M \/~^r e x ertcW

Fig. 2 Cumulative distribution function using the Edwards wideband
model with the Malkmus and Goody narrow-band models.

probability of smaller values of the absorption coefficient. The
cumulative distribution function spreads over a wider interval
for the absorption coefficient as the pressure broadening pa-
rameter decreases. The ratio R has an important impact on
the slope of the cumulative distribution function. As R de-
creases, the range of absorption coefficients in the band is
reduced. Additionally, the distribution shifts towards higher
values for absorption coefficient. In the limit / ? — > ! , the
wideband cumulative distribution function becomes identical
to the Malkmus narrow-band cumulative distribution func-
tion, for which there exists an analytical expression.20

To prescribe limiting forms for the cumulative distribution
function, some limits of Eq. (7) are noted. In the limit as
B -» oo? the function K/wh(/<:)smax /«(R) approaches a step func-
tion with a value 1 between K = IIR and K = 1, and zero
elsewhere. Therefore, the cumulative distribution function in
the limit B —> o° is

px erfc(jc)
--\I2\/WK

(8b)

where a, = 0.60136, as - -0.16547, a3 = -0.10403, and
a4 = 0.6234.

No similar simplifications have been found for intermediate
values of B. An approximate expression has been developed
for a large range of B (0.001 < B < 10.0), with an identical
form as Eq. (8b). In order to describe the cumulative distri-
bution function, the coefficients of each term have been re-
placed with curve-fitted values as

e , e

a2 I + px + "3 (1 + px)2 + "4

I
> J\IR K

(8c)

d/c' =
'«(*)

(8a)

where K is bounded by the interval (1/R, 1). The results in
Fig. 2 show that for a value of B = 10 the distribution function
approaches the function given by Eq. (8a), which in semilog
coordinates is a straight line. It is noted that in this limit the
cumulative distribution function is independent of B.

where a{} = 1.0003, and a [ -a '4 are functions of B, of the
form

/ = 1-4 (8d)

The coefficients /3;/ are presented in Table 1. To accurately
describe the behavior of the coefficients for all values of B,
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the coefficients a-(i = 1-4) have been fit for low values of
B (B < 1.0) and for high values of B (B > 1.0). The signif-
icance of the coefficient a'() = 1.0003, which can be taken
equal to unity for most situations except those involving small
optical paths and small 5, is discussed later. The average error
between the exact and curve-fitted expressions of g(/c), with
B in the interval from 0.001 to 10.0, is 0.7%. For values of
B outside this interval, the limiting expression in Eq. (8a)
should be used for B > 10, and Eq. (8b) for B < 0.001. The
relatively high-order polynomial approximation has been used
to reduce the error between the curve-fitted and the exact
cumulative distribution function, especially for small values
of B, where the cumulative distribution function spreads on
a large interval and an accurate representation of the param-
eters a'f is required. The use of the approximate forms in Eqs.
(8a-8d) significantly reduces the CPU time required to cal-
culate the cumulative distribution function. In radiative trans-
port problems involving nonhomogeneous gas, the repeated
calculations of the cumulative distribution function can be-
come an important burden in the overall process, and this is
one case where the approximate solutions developed earlier
may be especially useful.

Correlated-Ar Results for Participating Media
Radiative heat transfer in various engineering applications

requires consideration of nongray absorption by gases as well
as scattering by particles. The effects of nongray absorption
and isotropic scattering in a planar medium are considered
for a medium that is homogeneous and isothermal at T. The
intensities in the medium are represented by / j f ( f s , tSL, <os, y,
I*).11 The gas contributions are expressed through the spec-
trally dependent kc in the quantity y = kcj(ks + crs), which
represents the ratio of the gas absorption coefficient to the
scattering component extinction coefficient.

The combined contribution of gas and particles is the base
value for this band intensity, and the pure scattering effect is
subtracted from this value. This integrated difference over
the band, representing the interaction of gas absorption and
scattering, is defined as the total intensity for a single band

ts, tSL, cos, y,

- / , f ( /v , tSL, <wv , y = 0, d — (9)

The directional wideband absorption for emission is then

e'*(tSL, a>s, X) = '<<(*) f {*' (1 + rXs/. T^-, Xjo I L ! + y J

(10)

where e'(tSL, <os, x) is tne directional emissivity of a pure
scattering medium with <os from a layer with tSL and e ' [ ( l +
y)tSL, o)t,/(l + y), x] represents the emissivity of a mixture
of scattering particle and gas. Note that (1 + y)tSL is the
optical depth including all components and o>J(\ + y) is the
albedo of the mixture. In Eq. (9) the Planck function has been
assumed to be constant over the entire band. In Eq. (10) the
ratio AJ>/O>,, has been replaced with //,(/?). In a similar manner
the total wideband absorption for emission is expressed as

X) =

(11)

The integration in Eqs. (10) and (11) is solved using Gauss-
ian quadratures. The cumulative distribution function pre-
sented in the previous section is represented in terms of Mh-
order quadrature with weights w,. This provides

, x) =

(12a)

>*, x) =

(12b)

The weights and locations are determined with the cumulative
distribution function.

Wideband Absorptivity
For the case of a pure gas and a single line of sight, Eqs.

(1) and (10) with h(k) = 1 - e~kx yield the wideband ab-
sorption as

= /,(/?) f (1
Jo

ax dK

dg =

(13)

where the summation approximates the integral. The wide-
band absorption is evaluated for both the Malkmus and the
Goody model. The analytical solution in Eq. (7) is compared
to the numerical integration of the Goody model in Eq. (4).
To assess the usefulness of the Malkmus closed-form solution
as an approximation to the integral form of the Goody model,
the results are presented as the difference defined as

j-rrmean difference = K* Malkmus ~

Goody

i rk r ,/^- /x /<tA\100(%) (14)

Figure 3 shows the variation of the mean difference with
respect to the optical path for different values of B. The

io-2 10° IO2

Fig. 3 Mean difference between the wideband absorptivity using the
Edwards wideband model with the Malkmus and Goody narrow-band
models.
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differences between the two models are within 2% for large
values of B (B > 10). As B decreases, the differences between
the two models increase, but they are generally within 10%
for a large range of B and x- The Goody model systematically
yields higher wideband absorptivity values than the Malkmus
model. These results are consistent with the conclusions pro-
vided by the distribution function/wb(/<:)smax, which indicated
that the Goody model results in a higher probability for larger
values of the absorption coefficient. The two models are within
5% for both small and large values of the optical path lengths,
which correspond to the linear and square root regions as
defined by Edwards.8 The largest differences occur for inter-
mediate values of the optical path length, which is a transition
region between the linear and the square root regions. But
even for these relatively narrow regions, the differences be-
tween the models were found to be within 12%. These dif-
ferences between the models are relatively small compared
to the approximations the band models inherently introduce,
compared with experimental results, as indicated by Goldman
and Kyle.6

The comparison between the wideband absorptivity using
Goody's model and the approximate expressions in Eqs. (8)
is also of interest. For most of the cases studied, the mean
error obtained with the approximate Malkmus results from
Eq. (8c) is the same as presented in Fig. 3, due to the accuracy
of Eqs. (8). The only significant differences occur for low
values of ̂  and B, where the error can be larger. These errors
occur in regions where the wideband absorption has small
values. The difficulty of accurately correlating small optical
path and low-pressure phenomena has also been encountered
by other researchers.14-22 The maximum error was found to
be 25% for x = 0-01 and # = 0.1 due to the shape of the
cumulative distribution function for small values of B. The
asymptotic behavior in the vicinity of #(K) = 1 leads to large
errors in the evaluation of K, even when the errors in cu-
mulative distribution function are very small. For example,
with a value of B = 0.001, the average error between the
wideband absorptivity calculated using Eq. (8b) and the exact
integration is 9.33% in the interval 0.001 < x\^ 100.0, with
a maximum error of 32.8% for x = 0.01, while the average
error of the distribution function itself is only 0.05%. The
absorptivity error decreases as the optical path increases, be-
coming 0.4% for x = 100.0. When using a correction of 1.0003
multiplied to the exponential integral term in the cumulative
distribution function, the maximum error of the wideband
absorptivity becomes 4%, with an average error of 1.9%. This
is the reason for the introduction of the coefficient a'() in Eq.
(8c). For calculations involving larger optical paths or larger
values of B, a'Q can be taken equal to unity. The average error
between the wideband absorptivity when using Eq. (8c) and
the exact Malkmus cumulative distribution function is 1.8%
for B in the range from 0.001 to 10.0. The error is generally
less than 1% for values of x - 1-0.

The results obtained for the wideband absorption coeffi-
cient were used to determine the number of Gaussian quad-
ratures required in Eq. (13). It has been found that for large
values of B (B = 10), the number of quadratures can be quite
small. To obtain results within 1% of the exact solution, only
N = 8 is required. As B decreases, the cumulative distribution
function becomes less steep, requiring a large range in ab-
sorption coefficients. This behavior requires an increase in
quadrature points in order to secure the same accuracy. For
B = 0.1 and lower, N = 48 has been used to achieve 1%
error. This analysis has been done for a wide range of optical
depths. The number of quadratures is significantly lower if
the range excludes the low optical depth domain. Again, this
is a result of the asymptotic shape of the cumulative distri-
bution g(/c) for large values of K. The relative importance of
the large absorption coefficient values increases for small val-
ues of the optical depth, and this requires an increase in the
number of quadratures.

As noted, the parameter R is directly related to the spectral
width of the band. Since the band absorptivity values are
dependent on the spectral interval covered, R is an important
parameter in the band calculation. Previous results simulate
R —> o° using /;, (R) = 1 or R = 1096, yet as x increases, larger
values of R are required. From a physical standpoint, this
observation suggests that, for a given path length, only lines
stronger than a certain value smin = sm.ax/R are contributing
to the band absorption. In the calculations presented earlier,
the maximum value x is 100.0.

Scattering Calculations
Several methods can be used to calculate the radiative trans-

port in Eq. (12). The results presented in this article use a
Monte Carlo technique25 and the results were compared to
the exact solutions.26 All of the results presented here were
accurate to three decimal places. To achieve this accu-
racy the number of bundles has been varied with a mini-
mum of 106. The absorption suppression method,25 which
tracks each bundle through the medium until reflection or
transmission, was used. The strength of the bundle, initially
equal to unity, is decreased after each scattering by a factor
equal to the albedo. The total optical depth until reflection
or transmission is summed simultaneously. For each absorp-
tion coefficient, determined by the quadrature locations and
the cumulative distribution function, the total transmission or
reflection is calculated by multiplying the effects of gas and
pure scattering.

Using this method, the Goody and Malkmus models have
been successively used to calculate the wideband absorption
for emission including scattering. Figure 4 shows the wideband
absorption for emission for the case B = 0.1, using different
albedos and optical paths. For both large and small values of
the band center optical depth the two models are similar in
trend and value. For intermediate values of the band center
optical depth, the differences increase, and for the entire
interval the Goody model results are larger than the Malkmus
model. The results for the case with only gas are presented
by the slab band absorptance27 as a reference. The differences
between the two models were in the same range as the dif-
ferences resulted from the wideband absorption calculations.
For large values of B the two models give results within 2%.
For smaller values of B the differences between the models
are within 12%.

Figure 5 shows the variation of the wideband absorption
for emission with scattering for the different problem param-
eters. Figure 5a shows the influence of tSL, holding the albedo
and B constant. For low values of tSL the particle influence
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Fig. 4 Wideband absorption for emission using the Edwards wide-
band model with the Malkmus and Goody narrow-band models.
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B = 10.0; t_. = 2.0
Slab Band Absorptance

Fig. 5 Wideband absorption for emission using the Edwards wide-
band model with the Malkmus model. Influences of a) /s /, b) B, and
c) ws.

is negligible, with the values of the wideband absorption for
emission approaching the slab band absorptance. For tsi =
0.1, the average difference between the slab band absorptance
and the wideband absorption for emission increases. As tsl
is further increased, the scattering phase becomes dominant.
Between tSL = 0.1, 2.0, and 10.0, the band absorption for
emission drops by an order of magnitude for each. At the
same time, for large values of tSL, the linear absorption region
covers a larger spectral interval.

Figure 5b shows the dependence of the band absorption for
emission with respect to B. The emission values increase with
increasing B. The largest difference occurs for a band center
optical path * = 1, and the differences become smaller for
both large and small values of x- This dependence is explained
by the curves in Fig. 2, where as B increases, the cumulative
distribution functions become closer. The slope of the curves
showing the band absorption for emission varies with the
pressure broadening coefficients. As B decreases, the curves
become less steep.

Finally, Fig. 5c presents the variation of the wideband ab-
sorption for emission when varying the particle albedo. A
value of unity for albedo shows only a slight overall effect on
the band emission. As the albedo decreases, the scattering
phase becomes dominant in the process and the wideband
absorption for emission decreases accordingly. By comparison
with Fig. 5a, the decrease is of the same order of magnitude
for all values of x-

The same cases presented in Fig. 5 have been studied using
the approximate form of the cumulative distribution function
given in Eq. (8c). The errors for the wideband absorption for
emission were in the same range as were the differences when
using the exact cumulative distribution function. The use of
the approximate equations for the cumulative distribution

function in Eq. (8c) led to a significant reduction in CPU time
compared with the numerical integration of Eq. (7).

The analysis presented in this article has used the same gas
parameters for both the Malkmus and Goody models. In prac-
tice, the researcher has to determine these parameters ac-
cording to the actual physical characteristics of the gas. For
thermal radiative calculations Edwards8 has studied gas ab-
sorption phenomena and employed the Goody narrow-band
formulation. This work considered both the Malkmus model
and Goody model and similar results were obtained as shown
in Figs. 2-4. These relatively small differences suggest that
for many engineering applications the same parameters de-
veloped by Edwards can be used in either of the two models.
Although better accuracy could be obtained by developing a
new set of model parameters,21 it is recommended that Edwards8

parameters be used with the Malkmus cumulative distribution
functions presented in Eqs. (8) and Table 1. The expected
deviation from exact numerical calculation is within 12%, with
computational savings of at least a few orders of magnitude.

Conclusions
The wideband c-k method is applied to absorbing, emitting,

and scattering media. The gas properties have been modeled
using the Goody and the Malkmus narrow-band models with
the Edwards wideband model.8 To compare the results pro-
vided by the models, the absorption coefficient distribution
functions as well as the cumulative distribution functions were
presented. The Malkmus model gives a higher probability for
small absorption coefficients, which better approximates the
behavior of certain bands. Limiting as well as approximate
analytical expressions for the Malkmus model cumulative dis-
tribution function have been developed indicating that, for
large values of B, the cumulative function can be expressed
in a simple logarithmic expression.

For a large parameter range, the Malkmus and Goody models
yield results within 12% for the wideband absorptivity. The
combined problem of gas absorption and isotropic particle
scattering for a planar geometry was studied for both models.
Again, the results were within the same difference. These
results indicate that both models can be used in many practical
applications without major differences. Furthermore, since
only the theoretical parameters developed for a wideband
model are available for a modified Goody model, it can be
concluded that these parameters can be applied to the Malk-
mus model. The numerical integrations were performed using
the Gaussian quadrature method, which provided an accuracy
o f l % .
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